The Z 64 -algebra of the genetic code and DNA sequences of length N was recently stated. In order to beat the limits of this structure −such as the impossibility of non-coding region analysis in genomes and the impossibility of the insertions and deletions analysis (indel mutations)− we have develop a cycle group structure over the of extended base triplets of DNA X 1 X 2 X 3 , X i ∈{O, A, C, G, U}, where the letter O denote the base omission (deletion) in the codon. The obtained group is isomorphic to the abelian 5-group Z 125 of integer module 125. Next, it is defined the abelian finite group S over a set of DNA alignment sequences of length N. The group S could be represented as the direct sum of homocyclic groups: 2-group and 5-group. In particular, DNA subsequences without indel mutation could be considered building block of genes represented by homocyclic 2-groups (described in the previous Z 64 -algebra). While those DNA subsequences affected by indel mutations are described by means of homocyclic 5-groups. This representation suggests identify genome block structures by way of a regular grammar capable of recognize it. In addition, this novel structure allows us a general analysis of the mutational pathways follow by genes and isofunctional genome regions by means of the automorphism group on S.
Introduction
The quantitative relationships between codons and between genes given in the molecular evolution process are an amazing challenge to mathematical biology. Regularities in the standard genetic code lead us to think this code has evolved in order to minimize the consequence of errors during transcription and translation (Epstein, 1966; Crick, 1968; Lewin, 2004) . So, many attempts have been made to introduce a formal characterization of the genetic code (Jungck, 1978; Siemion et al., 1995; Jiménez-Montaño, 1999; Gillis, 2001) . However, the most recent models lead us to go beyond the genetic code limits to deal with the quantitative relationship between DNA genomic sequences (Sanchez et al., 2004 (Sanchez et al., , 2005a (Sanchez et al., , 2005c .
Recently was pointed out the Z 64 -algebra of the genetic code (C g ) and the N-dimensional DNA sequences space S defined on the set of all 64 N DNA sequences with N codons (Sanchez et al., 2005c) . The sum operation defined on this set is a manner to consecutively obtain all codons from the codon AAC (UUG) in such a way that the genetic code will represent a non-dimensional code scale of amino acids interaction energy in proteins. It was verified that most frequent mutation can be described by means of automorphisdms f:
N over S. However, this model is limited to coding regions, while it is well 2 known that in eukaryotes only a minute fraction of the genome −about 3%− called open reading frame (ORF) codes for proteins (Lewin, 2004) . In addition, since non-coding DNA sequences can have a base pairs number not multiple of three, complete chromosomes and genomes can not be described by means of the Z 64 -algebra C g . Besides this, insertions and deletion mutations (indel mutations) in DNA sequences can not also be described by this algebra.
In order to beat these limitations, we propose an extension of the group (C g , +) that we shall call extended group of the genetic code and next, we will show that all possible DNA sequence alignments with length N can be described by way of finite abelian groups which can decomposed into the direct sum of homocyclic 2-groups and 5-groups. A homocyclic group is a direct sum of cyclic groups of the same order. Any finite abelian group can be decomposed into a direct sum of homocyclic p-groups.
Extended genetic code group
A description of the genetic code abelian finite group (C g , +) can be found in (Sanchez et al., 2005c) . The extension of the codon set is achieved extending the source alphabet of the standard genetic code: {A, C, G, U}. To describe indel mutations in codons we have added the letter O to the set of the DNA bases, such that, for all extended triplet X 1 X 2 X 3 , X i ∈{O, A, C, G, U}. In a similar way to (Sanchez et al., 2005c) we can obtain the ordered set of extended triplets, presented in Table 1 , and deduce a sum algorithm for extended triplets. The sum operation between two extended triplets XYZ and X'Y'Z' is obtained by means of base sum, presented in Table 2 , which is also deduced from Table 1 (Table 2) .
ii) If the resultant letter of the sum operation is previous (in the order) to the added letters −the orders in the set of letters {O, A, C, G, U}−, then the new value is written and the base A is added to the next position.
iii) The other letters are added according to the sum table, step 2, going from the first base to the second base.
We shall call the group defined in Table 2 , the extended alphabet group of the four bases (G b ), and the group defined over the set of extended triplets, the extended genetic code group (C e , +). Let us sum, for instance, the extended triplets OGC y UCG: 
Abelian finite group of DNA sequences
Now, we can analyze the set of alignment sequences of length N. In the genomic DNA sequences are found open reading frames (ORF) that are building block of genes (Lewin, 2004) . If we analyzed the multi-alignment of these sequences we can find subregions where there are not gaps introduced and we only found substitution mutations (see Fig. 1 ). These building blocks can correspond to complete exons or subregions, and can be described by means of the group (C g , +). While, those genome regions where gaps appear −as a result of indel mutations− can be described by means of the monogen group (C e , +). This is essentially an application of the fundamental theorem of abelian finite groups (Frobenius and Stickelberger, 1879; Dubreil and Dubreil-Jacotin,1963) . By this theorem every finite abelian group G is isomorphic to a direct product of cyclic groups of prime power order. In particular, the theorem state a conical decomposition for every finite abelian group G, i.e. the group G is isomorphic to a direct product of cyclic groups
such that n i | n i-1 for i = 2, 3, . . . , k.
In the present case, as is showed in Fig 1, possible aligned sequences of length N (N = n 1 +…+n p +m 1 +…+m q )− is an heterocyclic group. This group split into a directed sum of homocyclic p-groups each one of them split into the direct sum of cyclic p-groups (monogens) with same order. Notice that for each fixed length N we can build manifold heterocyclic groups S i , each one of them can have different decomposition into p-groups. So, we can characterize each group S i by means of their corresponding canonical decomposition into p-groups. That is, two sequences S 1 and S 2 could split into different homocyclic p-groups and, however, be isomorphic between them because have the same canonical decomposition. Biologically, such description is in correspondence with the fact that the new genetic information is created, simply, by way of reorganization of the genetic material in the chromosomes of living organisms (Lewin, 2004) .
The automorphism group Aut(S) of the abelian group (S, +) is formed by set of invertible elements of the endomorphism ring End(S) of group (S, +). Since each finite abelian group G split into the direct sum of primary groups, the problem of the group structure of Aut(G) is reduced to the problem of the group structure Aut(G p ), where G p denote the Sylow p-subgroups of G, for all prime numbers divisor of ⎪G⎪. Table 2 . Sum table of the extended alphabet of four DNA bases {O, A, C, G, U}.
Building blocks from multiple sequence alignment of DNA sequences. Building block detection can achieved by means of the algorithm of multiple sequence alignments (Durbin et al., 1998; Baldi et al, 2001 ). Sequences, in this example, belong to an abelian group that split into the direct sum of 2-groups and 5-groups: 
Following to Shoda (1928) , Z.M. Kishkina showed that (Kurosch, 1955) if G split into the direct sum G = G 1 ⊕ G 2 ⊕…⊕ G s , then the endomorphism ring is isomorphic to the ring of all matrixes (A ij ), where A ij ∈ Hom(G i ,G j ), with usual sum and product of matrixes. In particular, the endomorphism that transform the DNA sequence α into β (α, β∈S) is represented by a matrix whose elements in the principal diagonal are matrixes A ii ∈End(G i ) (or A ii ∈Aut(G i )) and out of the principal diagonal are null matrixes. In biological terms, mutations in genomic sequences will correspond to automorphism when A ii ∈Aut(G i ), for all i in the representing matrix, and this will happen when det(A ii ) T 0 mod p i (since G i is a p i -group (Shoda, 1928) ). As was pointed out in (Sanchez et al., 2005c) this fact will be possible when all mutant DNA subsequences β i keep the order of the corresponding sequences of the will type α i (α i , β i ∈ G i ). A natural gene always satisfies this algebraic condition.
The last representation as a direct sum of powers of Z 64 and Z 125 suggests that we would associate to building block structure of genomes a regular grammar. This grammar would recognize the expression of the form: Where S is the start state, X and Y are terminal state, which are acceptation states in the corresponding finite automata (λ is the chain end), "x" and "y" represent, in this case, "x=Z 125 " y "y=Z 64 ". It is well know that the regular grammar have important applications in bioinformatics in sequence analyzes (Baldi et al., 2001 and Durbin et al., 1998) . This analysis will not exclude from this approach.
Conclusions
Limitations of the Z 64 -Module algebraic structure of DNA sequences lead us to define the extended triplet set of the genetic code C e using an extension of the four letter alphabet of DNA molecule {O, A, C, G, U}. In the extended triplet set was defined the group (C e , +) isomorphic to the cyclic group Z 125 . As a result, given an iso-functional genomic DNA region, the sequence alignment of the set of all iso-functional genomic DNA sequences, can be represented as a finite group. This group split into the direct sum of 2-groups and 5-groups: In addition, since for any length we can find manifold heterocyclic groups S i , the last representation suggests the possible recognition of block structures in genomes by means of a regular grammar.
